Abstract. We provide an exact formula for the complex exponents in the modular product expansion of the modular units, and deduce a characterization of the modular units in terms of the growth of these exponents, answering a question of W. Kohnen.
Introduction
Let Φ(τ ) be the modular product defined by
where q = e 2πiτ , τ ∈ H, β ∈ Q, and c(n), κ ∈ C. In [1] , Borcherds shows a duality between the exponents c(n) of the modular products Φ(τ ) and the coefficients a(j) in the Fourier expansions f (τ ) = k≥m a(k)q m of weakly holomorphic modular forms of prescribed weight and level. In [2] the authors provide an exact formula for the exponents c(n) when Φ(τ ) is a weight k meromorphic modular form on Γ(1) := SL 2 (Z) whose first Fourier coefficient is 1, in terms of the unique modular functions j d (τ ), d ∈ N, holomorphic on the upper half plane H with Fourier expansion
The exact expansion in [2] in this setting is given by
where the numbers e τ are defined by
ord τ (Φ) refers to the order of Φ at τ , µ(n) is the usual Möbius function,
1 Amanda Folsom, Max-Planck-Institut für Mathematik, Bonn, Germany alfolsom@mpim-bonn.mpg.de 1 and * denotes the compactification of the quotient space Γ(1)\H. The modular units may be characterized as those meromorphic modular functions (meromorphic modular forms of weight 0) with divisors supported in the cusps. We consider the product expansions (1) of the modular units, and provide an exact formula for the exponents c(n), and from this deduce a characterization of the modular units in terms of the growth of the exponents, answering a question of W. Kohnen. In what follows, for a ring R, we let R * denote the multiplicative group of R, we let
, and for an integer n let n denote the equivalence class of n modulo ℓ. We let q ℓ := q 1/ℓ , ℓ ≥ 1, and consider modular units of level ℓ, that is, modular units with respect to the principal congruence subgroups Γ(ℓ) := {γ ∈ Γ(1) | γ ≡ 1 mod ℓ}.
where
and {m a = m(r, s)} a∈T * ℓ is a set of integers indexed by
where Indeed we respond to the above remark of Kohnen and apply the theory of the modular units to give an exact formula for the modular exponents c(n) in Theorem 1 (not given in [3] ) which allows us to prove Theorem 2.
Modular units
Much of the theory of the modular units has been developed by Kubert and Lang [4] , who provide a description of the modular units in terms of Siegel functions. The Siegel functions are defined using Klein forms t a (τ ), a ∈ R 2 , τ ∈ H and are given by
where σ and η are the usual Weierstrass functions. The Siegel functions g a (τ ) are defined by
where ∆(τ ) is the discriminant function. The modular units of a particular level ℓ form a group, and a major result of Kubert and Lang provides a description of the modular unit groups of level ℓ = p f , p prime, p = 2, 3, f ∈ N, in terms of the Siegel functions. 
of Siegel functions g a , where {m a } a∈T * ℓ is a set of integers satisfying the quadratic relations (6) and (7).
We remark that choosing different representatives in T * ℓ changes the Siegel function by a root of unity, so it is understood that the theorem of Kubert and Lang is stated modulo constants. From the q−product expansion for the function σ a (τ ), one may obtain the q−product expansion for the Siegel functions
where B 2 (x) = x 2 − x + 1/6 is the second Bernoulli polynomial. We will use this theory to prove Theorems 1 and 2.
Proofs
We let Z C ℓ be the set of equivalence classes [z] in Z C ℓ , defined by
and let T * ℓ be represented by
Let u(τ ) be a modular unit of level ℓ, ℓ = p f , p prime, p = 2, 3, f ∈ N. Then there exist {m a } a∈T * ℓ satisfying (6) and (7) such that u(τ ) has an expression as given in (8). By applying the product expansion (9) for the Siegel functions, we see that u(τ )
where α ∈ Q, ξ ∈ C. We compute log(ξq 
where ǫ(n) defined as in (4). We will apply the theta operator Θ ℓ with respect to the parameter q ℓ , defined by
Using (10) we find
On the other hand, u(τ ) has a modular product expansion of the form given in (1). We compute
Comparing (11) and (12), we find αℓ = β and
By Möbius inversion, we find
This proves Theorem 1. To prove Theorem 2, suppose first u(τ ) = Φ(τ /ℓ) is a modular unit of level ℓ = p f , p prime, p = 2, 3, f ∈ N. Then by Theorem 1, the modular exponents c(n) are of the form given in (3). Thus, ≤ 2ℓM u log log n · σ 1 (n) ≤ 4ℓM u (log log n) 2 hence c(n) ≪ u (log log n) 2 . Conversely, suppose Φ(τ /ℓ) is a weight 0 modular form of level ℓ = p f , ℓ prime, ℓ = 2, 3, f ∈ N, with exponents c(n) satisfying c(n) ≪ u (log log n) 2 . Then for all τ ∈ H, by (12) we see that
